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Preface

This is a book about numerically solving partial differential equations occurring
in technical and physical contexts and we (the authors) have set ourselves a more
ambitious target than to just talk about the numerics. Our aim is to show the place
of numerical solutions in the general modeling process and this must inevitably
lead to considerations about modeling itself. Partial differential equations usually
are a consequence of applying first principles to a technical or physical problem
at hand. That means, that most of the time the physics also have to be taken into
account especially for validation of the numerical solution obtained.

This book in other words is especially aimed at engineers and scientists who have
‘real world” problems and it will concern itself less with pesky mathematical detail.
For the interested reader though, we have included sections on mathematical the-
ory to provide the necessary mathematical background. Since this treatment had
to be on the superficial side we have provided further reference to the literature
where necessary.

Delft, June 2005 Jos van Kan

Guus Segal
Fred Vermolen

Note to the first edition improvements

In this improved first edition exercises and theory are more separately presented.
Furthermore, some parts, such as the parts on boundary fitted coordinates, on
coordinate transformation, the treatment of essential boundary conditions for FEM
and the solution of non-linear systems of equations, have been rewritten to make
them easier to understand.

Newmark-type solvers for the wave equation have been added.

Delft, April 2008 Jos van Kan

Guus Segal
Fred Vermolen

Note to the second edition improvements

In this improved second edition the treatment of boundary conditions for all types
of discretization methods has been extended. Periodical boundary conditions have
been included. Furthermore,the description of the FEM has been simplified.

Delft, August 2014
Guus Segal
Fred Vermolen



Contents

1 Review of some basic mathematical concepts

1.1 Preliminaries . . . . . . . . . . . . e
1.2 Global contentsof thebook . . . ... .. ... ... ..........
1.3 Building blocks for mathematical modeling . . . . ... ........
1.3.1 Gradientofascalar. . ... .. ... ... ... ... .....
1.3.2 Directional derivative . . . . ... .. ... .. ... ......
1.3.3 Divergenceofavectorfield . . .. ... ... ..........
1.3.4 Gauss’ divergence theorem . . .. ... .............
1.3.5 Conservationlaws . ... ... ... . ... .. .........
1.4 Minimization . . . . . . . . . . . e
141 Elasticstring . . . ... .. ... ... ... L oL
1.5 Preliminaries from linearalgebra . . . . ... ... ... ........
1.6 Some theorems used in the mathematical theory . . .. ... ... ..
1.7 Summaryof Chapter1 . . . ... ... ... ... ... ... ....
A crash course in PDE’s
Objectives . . . . . . . ...
2.1 Classification. . . . . . . . . . . e
2.1.1 Three or more independent variables . . ... ... ......
2.2 Boundary and initial conditions . . . . ... ... .. oL
221 Boundaryconditions . . . ... ... ... ... L.
222 Initialconditions . . ... ... .. ... .. ... .. ... ...
2.3 Existence and uniqueness of asolution . . . . .. ... ... ......
2.3.1 The Laplacianoperator . . ....................
2.3.2 The maximum principle and uniqueness . . . ... ... ...
233 Existence. . . . . . ...
24 Examples . . .. .. ...
2.4.1 Flowsdrivenbyapotential . . ... ... ............
242 Convection-Diffusion . . ... .. ... ... ..........
2.4.3 Navier-Stokesequations . . . . ... ..... ... .......
244 Planestress . . . . . . ... e
2.4.5 Biharmonicequation . . . ... .. .. ... .. . 0 L
2.5 Summaryof Chapter2 . .. ... ... ... .. ............
Finite difference methods
Objectives . . . . . . . ...
3.1 Thecableequation . ............................
3.1.1 Discretization . . . . . .. . . ... ...
3.1.2 Properties of the discretization matrix A. . . . ... ... ...
3.1.3 Globalerror . . . ... .. .. ...
3.2 Some simple extensions of the cable equation . . . . . ... ... ...

3.2.1 Discretization of the diffusion equation . . .. ... ... ...



iv

3.22 Boundaryconditions . . . ... ... ... ... ... 35
3.3 Singularly perturbed problems . . . ... ... ... ......... 38
3.3.1 Analytical solution . . . . ... ..... .. ... ... ... 38
3.3.2  Numerical approximation . . . ... ... ............ 39
3.4 The Laplacian equationonarectangle . . .. .. ... ......... 42
3.4.1 Matrixvectorform . . .. ... ... . ... .. 43
3.5 Boundary conditionsextended . .. ... ... ... .. ... ..... 45
3.5.1 Natural boundary conditions . . . . ... ... ... ...... 45
3.5.2  Dirichlet boundary conditions on non rectangular regions . . 45
3.6 Globalerrorestimate . . . .. ... ... ... ... ... . ....... 47
3.6.1 A discrete maximum principle . . ... ... .. .. ...... 47
3.6.2 Supersolutions . . .. ......... ... ... ... ... 49
3.7 Boundary fitted coordinates . . . . ... ... ... L 51
3.8 Summaryof Chapter3 . .. ... ......... ... ......... 52
Finite volume methods 53
Objectives . . . . . . .. ... 53
41 Heat transfer with varying coefficient . . ... ... ... ....... 53
41.1 Theboundaries . . .. .. ... . ... . .. ... ... ..... 55
4.1.2 Conservation . . . . . . . ... . e 56
41.3 Errorin the temperatures . . . ... ... ... ... ...... 56
4.2  The stationary diffusion equation in 2 dimensions . . . . . ... ... 57
421 Boundaryconditions . . . ... ... ... .. . 0L 59
422 Boundary conditions in case of a cell centered method . . . . 60
42.3 Boundary cells in case of a skewed boundary . . . . ... ... 60
424 Error considerations in the interior . . . . . . ... ... .... 62
425 Error considerations at the boundary . . ... ... ...... 62
4.3 Laplacianin general coordinates . . . .. ... ... .......... 62

4.3.1 Discrete transformation from Cartesian to General coordinates 62
43.2 Anexample of finite volume integration in polar co-ordinates 64

43.3 Boundaryconditions . . . ... ... ... ... . ... 66
434 Erroranalysis . . .. ... ... ... ... ... .. ... 66
4.4  Finite volumes on two component fields . . . . . ... ... ... ... 67
441 Staggeredgrids . .. ... ... ... ... ... ... ... .. 68
442 Boundaryconditions . . .. ... ... ... ... ... ..., 69
4.5 Project: Stokes equations for incompressible flow . . . . .. ... ... 71
46 Summaryof Chapter4. . . ... ... ....... ... ......... 73
Minimization problems in physics 75
Objectives . . . . . . .. 75
51 Introduction . . ... ... ... ... ... .. ... 75
51.1 Minimal potentialenergy . . . ... ... ... ... ...... 75
5.1.2 Derivation of the differential equation . . . . . ... ... ... 76
5.2 A general one-dimensional problem with first order derivatives . . . 78
5.3 Asimple two-dimensionalcase . . . ... ... ... .. ........ 79
5.4 Examples of minimization problems . . . .. ... ... ........ 81
54.1 Minimal surface problem . . ... ... .. ... ... ... .. 81
54.2 Minimal potentialenergy . . ... ... ... .. ... ..... 82
5.4.3 Small displacement theory of elasticity (Plane stress) . . . . . 83
544 Loaded and clamped plate . . .. ... ............. 84
55 A two-dimensional problem . . . ... ... ... . oL 85
5.6 Theoreticalremarks . . . .. ... ... L oo o oo 85
5.6.1 Smoothness requirements . . . .. ... ... . ... ...... 85

5.6.2 Boundaryconditions . . . ... ... . ... ... ... ... 86



CONTENTS v

5.6.3 Weak formulation. . . ... ...... ... ... ... . ..., 86
57 Exercises . . .. ... ... 87
5.8 From PDE to minimization problem . . . ... ... .......... 88
581 Introduction . ... ... ... .. ... .. .. .. .. ... .. 88
5.8.2 Linear problems with homogeneous boundary conditions . . 88
5.8.3 Linear problems with non-homogeneous boundary conditions 90
584 Exercises . . ... .. ... e 92
5.9 Mathematical theory of minimization . .. ............... 93
510 Summary of Chapter5 . . . ... ...... ... ... ..., .. 95
6 The numerical solution of minimization problems 97
Objectives . . . . . . .. e 97
6.1 Ritzsmethod ... ... .. ... ... ... ... ... . . . 97
6.1.1 Introduction . . . . . ... ... ... ... L L 97
6.1.2 A simple one-dimensional example . ... ... ... ..... 98
6.1.3 Some observations concerning the basis functions . . . . . . . 100
6.1.4 Mathematical theory: convergence of Ritz’s method . . . . . . 101
6.2 The finite element method in R! . .. .. ... ... ........ 103
6.21 Introduction . ... ... ..... ... .. ... .. .. ... 103
6.2.2 The Poisson equationin RY . . . ... .............. 103
6.2.3 Numerical integration . . . ... ... ... ... .. ... .. 106
6.24 Boundary conditions . . . .. ... ... ... .. 108
6.2.5 Element matrices and element vectors . . . . . ... ... ... 110
6.2.6 Assembly of the large matrix and vector . . . . . .. ... ... 110
6.2.7 Boundary conditions and assembly . ... ... ........ 112
6.2.8 Periodical boundary conditions . . . . ... ... ... ... .. 113
6.2.9 The structure of finite element packages . . . . . ... ... .. 114
6.3 The finite element method in R . . . .. ................ 114
6.3.1 The Poisson equation inR? . . . ... .............. 114
6.32 LinearelementsinR? . . ... .................. 116
6.3.3 Numerical integrationin R" . . . ... ... ... ....... 118
6.3.4 Boundary conditions . . . .. ... ... ... 0L 120
6.4 Theoreticalremarks . . . . . ... ... .. ... L L 122
6.4.1 Smoothness requirements . . . . .. ... ... .. ... ..., 122
6.4.2 Mathematical theoryof FEM . . ... ... ........... 124
6.4.3 Approximationerrors . .. .................... 125
6.5 SummaryofChapter6 . . ... ... ................... 126
7 The weak formulation and Galerkin’s method 127
Objectives . . . . .. .. e 127
7.1 The weak formulation for a symmetrical problem . . ... ... ... 127
711 Introduction . . . . .. ... ... ... ... L L 127
7.1.2 Natural boundary conditions . . . ... ... .......... 128
7.1.3 Non-homogeneous essential boundary conditions . . . . . . . 129
7.14 Periodical boundary conditions . . . . ... ... .. ... ... 130
7.2 The weak formulation for a non-symmetric problem . . . . ... ... 130
73 Galerkin'smethod . .. ... ... .. .. .. .. .. .. .. 131
731 Imtroduction . .. ... .. ... ... .. ... . ... 131

7.3.2  Galerkin’s method applied to the convection-diffusion equa-
Hon . . . . . 132
7.3.3 The convection-diffusion equation in R! by finite elements . . 133
7.3.4 The convection-diffusion equation in R? by finite elements . . 134
74 Petrov-Galerkin . . ... ... ... ... . o L L o 135

741 Introduction . . . . ... . ... . ... ... 135



vi

742 Upwinding in R! by Petrov-Galerkin . . .. ..........
7.4.3 SUPG: stream line upwinding in IR? by Petrov-Galerkin
7.5 Anexample of a system of coupled PDEs . . . . ... .........
7.6 Mathematicaltheory . . ... ... ... ... ... ... ... .....
7.7 Summaryof Chapter7 . . . ... ... ... . ... ... ... .....
Extension of the FEM
Objectives . . . . . . .. ...
8.1 (Straight) quadratic triangles . . . ... ... ... ... .. ......
8.2 Linear trianglesrevisited . . . . . ... ... .. L oL L
83 Quadrilaterals . . . . ... ..
8.4 Curved quadratictriangles. . . . . ... ... ... ... ... ... ..
8.5 Application to the Stokes equations . . . . .. ... ... ... ... ..
8.6 Circlesymmetry . . . ... ... ... ... ... ... .. ... ... ..
8.7 Theoreticalremarks . . . . . ... ... ... oL L oL
8.8 Fourthorderproblems . . . ... ... ... ... ... ........
8.8.1 Theclampedbeam . ... ... ..................
8.8.2 A simple example of the mixed approach . . . ... ... ...
8.9 Summaryof Chapter8 . . ... ... ..... ... ... ... .....
Solution of large systems of equations
Objectives . . . . . . .. e
9.1 Directmethods . ... ... ... ... ... ... .. .. . ...
911 Imtroduction .. ... ... ... .. ... .. .. .. .. ... ..
9.12 Gaussian elimination . . . .. ... ... ... .. 0 L.
9.1.3 LU-decomposition . ... .....................
914 Bandmethod ... ........... ... ... ... . ...,
915 Profilemethod . ............ ... ... ... . ...,
9.1.6 Renumbering techniques . . ... ... .............
9.2 Genericiterativeprocess. . . . . . . ... ... L
9.3 Defectcorrection . ... ... ... .. ... ... ..
931 Algorithm . . ... ... ... ... ... ...
9.3.2 Convergence of defect correction . . . . .. .. ... ......
9.3.3  Error estimate for defect correction . . . . ... ... ... ...
9.3.4 Estimate of the spectralradius . . . ... ... ... ......
935 M-matrices . .. ... .. ... . L o o
9.4 Classical preconditioners . . . .. ... ...... ... .........
941 Jacobi. . . . .. e
942 Gauss-Seidel . . . .. ... ... L oL
9.4.3 Successive OverrelaxationSOR . . . . ... ... ... .....
9.4.4 Blockvariations . . . ... ... . L L L L
945 Operationcount . . ............. ... ........
9.5 KrylovSpaceMethods . . . ... ...... ... ... .........
951 Introduction ... ......... ... ... .. .. .. ...
952 TheKrylovSpace . . . .. ....... ... . ..........
9.5.3 Conjugate Gradients . . . ... ..................
954 CGalgorithm . ... ..... ... ... ... ... ... .....
9.5.,5 Preconditioning . . . ... ... ... .. L L L.
95.6 Convergence . . ... ............ ...
9.5.7 Krylov space methods for non symmetric matrices. . . . . . .
9.5.8 Preconditioners . . ... ... ... ... . 0oL
9.6 The multigrid algorithm . . . .. ... ...... .. .. ........
9.6.1 A one-dimensionalexample. . ... ... ... .........

9.6.2 Smooth and rough part of the spectrum . . . . ... ... ...



CONTENTS vii
9.6.3 Twogridalgorithm . . . .. ...... ... ... ... .. .. 193

9.6.4 From two grid tomultigrid . . ... ... ..... ... ..., 195

9.6.5 Convergence of the two grid algorithm . . . . ... ... ... 195

9.6.6 Restriction and prolongation in two dimensions . . . . . . .. 198
9.6.7 Concluding remarks about MG . . . . .. ... ... ...... 198

9.7 Non-linearequations . . . . ... ....... .. ... ... ... ... 198
9.71 Picarditeration . . ... ... .. ... ... ... 199

9.7.2  Newton’s method in more dimensions . . . . .. ... ..... 200

9.73 Startingvalues ... ... ... ... .. ... .. .. .. ... 202

9.8 Summaryof Chapter9 . . . ... ....... .. ... ... ...... 203
10 The heat- or diffusion equation 205
Objectives . . . . . . .. 205
10.1 A fundamentalinequality . ... ... ... ... .. ... ... ... 205
10.2 Method of lines . . . . .. ... .. ... ... L 207
10.2.1 One dimensional examples . . .. ... ... .......... 208
10.2.2 Two-dimensionalexample . . . . . ... ... .......... 209

10.3 Consistency of the spatial discretization . . . ... ... ... ... .. 210
10.4 Timeintegration . . . . . . .. .. ... ... ... ... ... 212
10.5 Stability of the numerical integration . . . . . ... ... ........ 213
10.5.1 Gershgorin’s circle theorem . . . . ... ... ... ....... 214
10.5.2 Stability analysis of Von Neumann . . . ... ... ... .. .. 216

10.6 The accuracy of the time integration . . .. ... .. ... ... ... 218
10.7 Conclusions for the method of lines . . . .. ... ... ........ 219
10.8 Special difference methods for the heat equation . . . . ... ... .. 220
10.8.1 The principle of the ADImethod . . . . ... .......... 220
10.8.2 Formal description of the ADImethod . . . . . ... ... ... 221

10.9 Summary of Chapter10 . . . .. ... ... ... . ... ...... 223
11 The wave equation 225
Objectives . . . . . . .. 225
11.1 A fundamentalequality . .. ... .................... 225
11.2 Themethod oflines . . . . . .. ... ... ... ... ... .. ..... 227
11.2.1 The error in the solution of the system . . . . . ... ... ... 227

11.3 Numerical time integration . . . .. ... ... ... ... ... .... 229
11.4 Stability of the numerical integration . . . . . ... ... ........ 230
11.5 Total dissipation and dispersion. . . . . ... ... ... ........ 230
11.6 Direct time integration of the second order system . . . .. ... ... 232
11.7 The CFL criterion . . . . . . ... ... .. . . i 235
11.8 Summary of Chapter 11 . . . . . ... ... ... ... ... ...... 237
12 The transport equation 239
Objectives . . . . . . . ... 239
12.1 Introduction . . . . . ... 239
12.2 Characteristics . . . . . ... ... L L 240
12.3 Some classical numerical procedures . . . . ... ... ... ... ... 242
12.3.1 Central discretization and upwind discretization. . . . . . . . 242

12.4 Mathematical theory for the transport equation . . . . . ... ... .. 250
1241 Burgersequation . . . ... ... ... ... .. .. .. ..... 251
12.4.2 The Buckley-Leverettequation . . ... ... .......... 253

12.5 Summary of Chapter 12 . . . . . ... .. ... ... .. ... ... .. 261
12.6 Appendix: requirements on flux-limiters. . . . .. ... ... ... .. 262



Viii

13 Moving boundary problems 265
Objectives . . . . .. .. e 265
13.1 The formulation of a classical Stefan problem: ice and water . . . . . 265
13.2 An exact (self-similar) solution for an unbounded region . . .. ... 267
13.3 Numericalmethods . . . . .. ... ... ... .. .. ... .. .. ... 268

13.3.1 Moving gridmethods . . . .. ...... ... ... ..... 268
13.3.2 A fixed domain method: the level set method . .. ... ... 274
13.3.3 Other applications of Stefan problems . . . . . ... ... ... 280

13.4 Summary of Chapter 13



Chapter 1

Review of some basic
mathematical concepts

1.1 Preliminaries

In this chapter we take a bird’s eye view of the contents of the book. Furthermore
we establish a physical interpretation of certain mathematical notions, operators
and theorems. As a first application we formulate a general conservation law,
since conservation laws are the back bone of physical modeling. Finally we treat
some mathematical theorems, that will be used in the remainder of this book.

1.2 Global contents of the book

We first take a look at second order partial differential equations and their relation
with various physical problems. Then we look at numerical methods for those
equations. First we look at finite difference methods, of respectable age but still
very much in use. Subsequently we take on finite volume methods, a typical engi-
neers option, constructed for conservation laws. Finally we turn to finite element
methods (FEM) which have gained tremendous popularity over the last decades.
Before we can move to FEM, however, we have to delve a bit into minimization
problems to provide a proper background. We shall show, that FEM may be con-
sidered as a special case of Ritz’s method, a particular way of obtaining an approx-
imate solution to a minimization problem. We shall establish a relation between
minimization problems and partial differential equations. But not all PDEs can be
formulated as a minimization problem and we shall consider a generalization that
will enable us to apply the FEM also to those problems.

These methods generally leave us with a large set of linear or non-linear equations
and we consider ways of how to solve them. In particular we shall pay some
attention to efficient methods that are relatively young, like preconditioned Krylov
space methods and multi-grid methods. The treatment can be only cursory but
further references will be provided.

We also pay some attention to special methods for specific problems like heat and
wave equations. Finally we consider transport equations. They do not fall within
the previous context, being only first order, yet they are very important and de-
serve a chapter of their own. The last chapter will be dedicated to miscellaneous
problems that fall outside the classification so far.



Chapter 2

A crash course in PDE’s

Objectives

In the previous chapter we looked at PDE’s from the modeling point of view, but
now we shall look at them from a mathematical angle. Apparently you need partial
derivatives and at least fwo independent variables to speak of a PDE (with fewer
variables you would have an ordinary differential equation), so the simplest case
to consider is a PDE with exactly two independent variables. A second aspect is
the order of the PDE, that is the order of the highest derivative occurring in it. First
order PDE’s are a class of their own: the transport equations. We shall consider
them in Chapter 11. In this chapter we shall take a look at second order PDE’s and
show that (for two independent variables) they can be classified into three types.
We shall provide boundary and initial conditions that are needed to guarantee a
unique solution and we will consider a few properties of the solutions to these
PDE’s. We conclude the chapter with a few examples of second and fourth order
equations that occur in various fields of physics and technology.

2.1 Classification

Consider a second order PDE in two independent variables with constant coeffi-
cients.

o%u ou u ou ou
ﬂllw +2a12m+ﬂzzw+blg+b2@ +Cu+d—0 (21.1)

By rotating the coordinate system we can make the term with the mixed second
derivative vanish. This is the basis of the classification. To carry out this rotation,
we keep in mind that

8 8 YN %% %u %u
E)_ @ (3 > =Mizs +2a12m —Hizzw, (21.2)

a2 A4z
where A = diag (a11, #p2), in which w7 and ay; are eigenvalues of A. The columns
of Q are the normalized (with length one) eigenvectors of A. Note that QT =01

where A = (1111 1112) . Since A is symmetric, we can factorize A into A = QAQT,



Chapter 3

Finite difference methods

Objectives

In this chapter we shall look at the form of discretization that has been used since
the days of Euler (1707-1783): finite difference methods. To grasp the essence of the
method we shall first look at some one dimensional examples. After that we con-
sider two-dimensional problems on a rectangle because that is a straightforward
generalization of the one dimensional case. We take a look at the discretization of
the three classical types of boundary conditions. After that we consider more gen-
eral domains and the specific problems at the boundary. Finally we shall turn our
attention to the solvability of the resulting discrete systems and the convergence
towards the exact solution.

3.1 The cable equation

As an introduction we consider the displacement y of a cable under a vertical load.
(See Figure 3.1)

Figure 3.1: Loaded cable.

This problem is described mathematically by the second order ordinary differential
equation:
d?y
—— =, 3.1.1
2=t (G.11)
and since the cable has been fixed at both ends we have a Dirichlet boundary con-
dition at each boundary point:

y(0) =0, y(1)=0. (3.1.2)

Note that here also one boundary condition is necessary for the whole boundary,
which just consists of two points.



